We investigate degenerations of cubic surfaces which are obtained from degenerating their Cox rings to toric algebras. We work in the spirit of Sturmfels and Xu who use the theory of Khovanskii bases to determine toric degenerations of Del Pezzo surfaces of degree 4 and leave the question of classifying these degenerations in the degree 3 case as an open problem. We describe an approach for the classification which is closely related to tropical geometry and present partial results in this direction.
Introduction
We work over the field of rational functions K := K(t), where K is any field of characteristic zero. Our main objects are smooth cubic surfaces in P 3 . These varieties arise as the blow up of P 2 in six points in general position. We store the coordinates of these points in a matrix A and denote the corresponding cubic surface with X A . Our aim is to find toric degenerations of these varieties, i.e. flat families with general fiber X A such that the special fiber is a toric variety.
Degenerations are a powerful tool in algebraic geometry as they allow to deduce geometric properties of the general fiber, as e.g. the degree and the genus, from the special one. Therefore if the special fiber has a combinatorial structure, as for example in the toric case, this method becomes particularly attractive.
Our starting point for finding toric degenerations of a cubic surface X A is its Cox ring, i.e. R(X A ) =
[D]∈Cl(X A )
Γ(X A , O X A (D)).
Note that in this case the Cox ring R(X A ) is unique up to isomorphism, as the divisor class group of a smooth cubic surface is free finitely generated, see e.g. [1] . In this situation any degeneration of the Cox ring R(X A ) to a toric algebra leads to a degeneration of X A with respect to all possible embeddings into a projective space, see [3] . Due to [12] the Cox ring of a smooth cubic surface X A is isomorphic to an invariant ring of a certain group action, the so called Cox-Nagata ring R A , see Section 2 for the construction. In particular we obtain a realization of R(X A ) as a subalgebra of a polynomial ring over the field K. This allows us to find toric degenerations of R(X A ) via the theory of Khovanskii bases. The notion of Khovanskii bases was developed in [13] , where they are referred to as sagbi bases, and was generalized and made applicable in a much broader setting in the article [9] .
We work in the setting of Sturmfels and Xu [15] and specialize to degenerations arsing via the following construction: For every p ∈ K(t) let ω p be the unique integer such that t −ω p p(t) has neither a pole nor a zero at t = 0. Consider the valuation ν : K(t) * → Z, p → ω p .
Then for each f ∈ K[x 1 . . . , x r ] we define its initial form to be in( f ) :
where ω is the minimum of ν on the coefficients of all monomials of f . For a K-subalgebra U ⊆ K[x 1 , . . . , x r ] we define its initial algebra in(U ) to be the Ksubalgebra of K[x 1 , . . . , x r ] generated by in( f ), where f runs over all elements of U . Definition 1.1. In the above setting we call a subset F := { f 1 , . . . , f m } ⊆ U moneric of weight (ω 1 , . . . , ω m ) if in( f i ) = (t −ω i f i )| t=0 is a monomial for all i.
If furthermore the initial algebra in(U ) is generated by the set {in( f ); f ∈ F} we call F a Khovanskii basis of U .
Having a finite Khovanskii basis on hand one obtains a degeneration of Spec(U ) to the toric variety Spec(in(U )), see e.g. [3, Thm.3.3] . Considering a cubic surface X A its Cox-Nagata ring comes with a distinguished set of 27 generators. After describing earlier results in this direction we give in Section 3 an idea how to classify those rings R A , where this set of generators is moneric or Khovanskii. Afterwards we give in Sections 4 and 5 our partial results.
Earlier results
In this section we give the general construction of the Cox-Nagata ring which represents the Cox ring of a projective space P r blown up in n points in general position. We recall how this ring was used in [15] to compute toric degenerations of smooth del Pezzo surfaces and to give an Erhart-type formula for the Hilbert polynomial. Moreover, we introduce the tropical Grassmannian and recall the results of [3] , where it is shown that this natural candidate is insufficient for our task.
Let us recall how to compute the Cox ring of projective r-space blown up in n points in general position: Let A := (a 1 , . . . , a n ) be an r × n matrix of full rank over K with pairwise linearly independent columns and denote by X A the blow up of P r−1 in the corresponding points. Denote with D 1 , . . . , D n ⊆ X the exceptional divisors and let D 0 ⊆ X be the proper transform of a hyperplane. Then the subgroup D ⊆ WDiv(X A ) generated by the D i projects isomorphically onto the free abelian group Cl(X A ) and the Cox ring of X A is given as
This Cox ring has an especially nice interpretation in terms of the invariant ring of the following group action: Let G ⊆ K n be the nullspace of A. Then G is an (additive) unipotent group and setting λ · z := (λ 1 z 1 , ..., λ n z n ), for a point z ∈ K n we obtain an action
We set R := K[x 1 , . . . , x n , y 1 , . . . , y n ] for the polynomial ring whose variables x i resp. y j correspond to the coordinates z i resp. w j . Then the ring of invariants R A := R G is called the Cox-Nagata ring [12] and the following statement holds: The isomorphism in Theorem 2.1 is explicitly given in [11] . Moreover, in [4] Castravet and Tevelev give an explicit set of generators of the Cox ring of a projective space P r blown up in at least r + 3 points lying on a rational normal curve of degree r. This generalizes a result of Batyrev and Popov [2] who show that the Cox ring of a smooth del Pezzo surface of degree at least 2 arising as a blown up P 2 is generated by global sections over the exceptional curves. Using this, we obtain a distinguished set of generators of R A , which is up to scalar multiples determined by the linear subspace G ⊆ K n . In the following we will always assume R A to be represented by this set of generators F and call the defining linear subspace G ⊆ K n moneric (Khovanskii) subspace if the corresponding set of generators is a moneric (a Khovanskii basis). This enables us to reformulate our aim as follows, see Problem 5.4 in [15] :
Aim: Determine all equivalence classes of 3-dimensional Khovanskii subspaces of K 6 , where two subspaces G and G ′ are called equivalent if the corresponding initial algebras in(R G ) and in(R G ′ ) coincide.
Let us explicitly look at the generators of the Cox-Nagata ring of the smooth cubic del Pezzo surfaces. Let G and A be as before with n = 6 and r = 3 and assume that the points in P 2 corresponding to the columns of A are in general position, i.e. no three of them lie on a line and no six of them on a conic. Denote by p i jk the Plücker coordinates of G. Then the set of generators F of R A ⊆ K[x 1 , . . . , x 6 , y 1 , . . . , y 6 ] consists of the following elements:
• 6 generators corresponding to the exceptional divisors: E i = x i .
• 15 generators corresponding to the lines through pairs of points, e.g. we have 
Note that all the other generators can be obtained out of the ones given above by permuting the indices.
To compute the initial forms of this set of generators we use the following observation regarding the isomorphism given in [3, Sect. 2.3]: Fixing a linear subspace G ∈ Gr(n − r, n) the coefficients of the monomials in the generators of R A are always given as polynomials in the Plücker coordinates of G. Moreover for generic G none of these coefficients equals zero. Now set N := n n−r , let p 1 , . . . , p N denote the Plücker coordinates ordered lexicographically and let I pl be the ideal generated by the Plücker relations. Then we may regard the generators of R A as elements of the ring S := K[x 1 , . . . , x n , y 1 , . . . , y n , p 1 , . . . , p N ]/I pl , evaluated at the Plücker coordinates of A. If it is clear from the context we will use in the following the term "generator" as well for the elements in S as for their evaluation at a point.
Recall that the value of a product is the sum of the values of its factors. In particular, given the distinguished set of generators of R A , the values of the Plücker coordinates together with the values of all coefficients of the generators of R A that are not monomials in Plücker coordinates uniquely determine the initial forms of the generating set.
We deduce the following ad hoc approach for finding moneric or Khovanskii subspaces for Cox-Nagata rings R A . Consider the map
where the c i are the coefficients of the monomials of the generators F of R A that are not monomials in Plücker coordinates. Then proceed as follows:
(i) Determine the image of the above map.
(ii) Subdivide the image into sets of points that give rise to the same initial forms of the generators. (iii) Identify those sets of points that arise from moneric or Khovanskii subspaces G ⊆ K n .
We will see that the image of the above map consists of integer points of a certain tropical variety. Let us recall the basic notions on tropical varieties here: Let k be a field with valuation val : k * → R and let X be a closed subvariety of the algebraic torus T N (k). Then the Bieri-Groves set A(X ) of X is
Let L be any algebraically closed field extension of k with a nontrivial valuation extending the valuation on k. Then due to the Fundamental Theorem of Tropical Geometry and [10, Thm. 3.
We specialize to the case of the tropical Grassmannian which will play an important role in our further considerations. Let k = K, embed Gr(d, n) with respect to the Plücker embedding into P N−1 and let Gr 0 (d, n) be the intersection of the affine cone of Gr(d, n) with the canonical torus of K N . Then the tropical Grassmannian is the tropicalization trop(Gr 0 (d, n)) which we will refer to as TGr(d, n) for short. In the following we will assume the tropical Grassmannian Gr(d, n) to be endowed with the fan structure given in [14] , compare Section 4.
We will use the following slight modification of the tropical Grassmannian: Consider the embedding of Gr(d, n) into projective space given by the map
Then, intersecting the affine cone over Gr(d, n) with respect to this embedding with the canonical torus of K N+s we can form its tropicalization, which we will refer to as T (c 1 , . . . , c s ) in the following. The image of the generic subspaces G ∈ Gr(d, n) under the map (3) as above turns out to be the Bieri-Groves set of this very affine variety. Even more, the subdivision of the image into sets of points that give rise to the same initial forms can be obtained by endowing T (c 1 , . . . , c s ) with a sufficiently fine fan structure and looking at the set of integer points in the relative interior of its maximal cones. Here and in the following a cone is always a convex polyhedral cone and a fan a polyhedral fan, where we allow the cones to be non-pointed. Note that in case that there are no nonmonomial coefficients c 1 , . . . , c s the above map is the usual Plücker embedding and the tropicalization T (c 1 , . . . , c s ) is the tropical Grassmannian. The latter case shows up when considering smooth del Pezzo surfaces X A that arise as blow ups of P 2 in five points in general position. It was treated in [15, Sect. 4] , where Sturmfels and Xu show that the collection of all possible initial forms for the generating set of R A gives rise to a subdivision of the tropical Grassmannian TGr(2, 5) into 2400 maximal cones. 600 of these cones come from moneric subspaces and all but 60 of these are even Khovanskii. Now fixing a Khovanskii subspace G of K 5 the corresponding degeneration to a toric algebra yields an Erhart-type formula for the Hilbert function of the Cox-Nagata ring R A . This means that it can be read off in purely combinatorial terms by counting lattice points in slices of a rational cone, which is defined by linear inequalities. Moreover, as the Hilbert functions of the Cox-Nagata rings R A for generically chosen G coincide, the following natural question arises: Which of the obtained toric degenerations is the optimal one for computing the Hilbert function, i.e. which of the corresponding cones is defined by the least linear inequalities? Based on their classification, Sturmfels and Xu show that the optimal number of linear inequalities is 12. Moreover, they conjecture that in the case of del Pezzo surfaces of degree 3 the optimal number is 21. Classifying all equivalence classes of 3-dimensional Khovanskii subspaces of K 6 would enable us to prove this conjecture.
The first step of our agenda turns out to be the task of computing the integer points of a tropical variety in R 56 : The embedding of Gr(3, 6) as described in (4) is given by the Plücker coordinates and the coefficients of the monomials of the generators E i , F i j and G i of R A that are not monomials in Plücker coordinates. The latter ones are exactly the 36 binomial coefficients in the generators G i . Unfortunately this approach is computationally expensive, which leads to the task of finding a computable fan parameterizing moneric and Khovanskii subspaces. In [3] it was shown that the tropical Grassmannian and also the so called Naruki fan are insufficient for this task: In their Example 5.3 they give two threedimensional linear subspaces of K 6 having the same values in their Plücker coordinates. But whereas the one is moneric the other one has a binomial as initial form of one of its generators. Similarly they proceed for the Naruki fan.
Idea behind the classification
From now on we work on the case of smooth del Pezzo surfaces of degree 3. While in the previous section we claim that TGr(3, 6) is not suitable for a direct use in the classification of Khovanskii bases of R A , here we argue that it still contains a lot of information on these bases and can play a very important role in the solution of this problem.
We compare the structure of TGr(3, 6) with the structure of the tropical variety T (c 1 , . . . , c 36 ) ⊆ R 56 arising via the embedding of Gr (3, 6) in P 55 as in (4) , where the c i are the binomials appearing in the generators of R A . We set TB := T (c 1 , . . . , c 36 ) for short and consider the map
which comes from a projection to Plücker coordinates. Since this projection restricts to a monomial map of big tori, by [10, Cor. 3.2.13] we know that π is well-defined and surjective. Moreover, note that the inverse image of any cone of TGr (3, 6) under π is a fan, as it is an intersection of a rational polyhedral cone with a fan structure on TB. The idea behind using π is that since TGr(3, 6) does not have enough data and TB does, but is currently uncomputable, we investigate both at the same time. We try to obtain as much of the classification as possible from TGr(3, 6), but look for help at π −1 (C) for all subcones C of TGr(3, 6) which do not contain the full information on Khovanskii bases of R A corresponding to its points.
Moreover, we hope that understanding the structure of π may possibly give us some insight into the cardinality of its fibers over such subcones C, even without determining π −1 (C) explicitly.
Plan for the classification
The reason for the fact that TGr(3, 6) is insufficient for parametrizing all Khovanskii bases of R A is the possibility of a cancellation in a binomial. If the value of ν is the same for both monomials in a binomial b = m 1 + m 2 , their leading terms may cancel and ν(b) may be bigger than ν(m 1 ) = ν(m 2 ). 
Hence the locus L BC where a cancellation of at least one binomial coefficient is possible can be easily determined as an intersection of the fan TGr(3, 6) with a union of finitely many hyperplanes. This construction shows also that L BC has a fan structure. Our situation can be summarized as follows.
Remark 3.1. Over TGr(3, 6)\L BC the map π is one-to-one. That is, outside L BC the leading terms of elements of F are uniquely determined by ν(p 1 ), . . . , ν(p N ) and thus are parametrized by integral points of TGr (3, 6) . Over L BC the fibers of π may, but do not have to, be non-trivial.
Hence we intend to classify Khovanskii bases of R A for G corresponding to points of TGr(3, 6) \ L BC using TGr (3, 6) , and investigate fibers of π to find Khovanskii bases for A coming from points of L BC . We proceed along the following lines. We test this approach in Section 4, where we compute the tropicalization of the embedding of Gr(3, 6) in R 21 given by Plücker coordinates and one binomial c to prove that over one cone in the subdivision fibers of π are trivial despite the fact that c may cancel.
Locating Khovanskii bases.
Decide which moneric bases found by the algorithm are Khovanskii bases.
This general scheme will be modified and extended in order to reduce the complexity of the necessary computations. For the first modifications see Section 3.2.
Remark 3.3. Note that we have to consider also non-maximal cones of TGr(3, 6), because they can lie in the image of a maximal cone of TB. However, most of the faces of cones obtained in the process of subdividing do not have to be analyzed. A face between two cones in the subdivision related to a generator f of R A is, by definition, the locus between regions corresponding to different choices of leading monomials of f . Thus, it consists of points for which two monomials of f have coefficients with the same value, i.e. f is not moneric. Only if such a face lies in L BC , it has to be taken into consideration. 
Reducing the complexity
Here we present two important observations which simplify the realization of Algorithm 3.2: reduce the computational complexity and give a better description of L BC .
First, we consider the action of S 6 on Gr(3, 6) coming from permuting columns of the matrix A, or coordinates in the subspace G. Note that a del Pezzo surface X A is not affected by this action, because permuting columns of A is just permuting the set of points in P 2 which are blown up. This action can be realized as signed permutations of the Plücker coordinates {p i jk : 1 ≤ i < j < k ≤ 6} coming from permutations of the 6 indices, which preserve Plücker relations. Thus it extends from the Plücker embedding of the affine cone over Gr (3, 6) to the linear automorphism of its ambient affine space. This action, in turn, induces an action on TGr(3, 6) (also on the fan structure), and the tropicalization map is S 6 -equivariant.
Lemma 3.5. If P 1 , P 2 ∈ TGr(3, 6) are in the same orbit of the S 6 action then the integer points in the fibers π −1 (P 1 ) and π −1 (P 2 ) correspond to the same choices
of leading terms of generators of R A up to a permutation of variables.
Proof. The generating set
is invariant (up to signs and Plücker relations) under the S 6 -action. (This can be checked either by direct computation or, more geometrically, by referring to the Cox ring structure.) We conclude that S 6 acts also on the set of binomial coefficients of generators G 1 , . . . , G 6 up to signs. This allows us to define the S 6 -action on TB. Note that π becomes an equivariant map, which ends the proof.
Corollary 3.6. We may restrict to applying Algorithm 3.2 to representatives of S 6 -orbits in TGr(3, 6).
Using Lemma 3.5 reduces the number of cones to consider significantly. For instance, instead of processing all 1005 maximal dimensional cones of TGr(3, 6) we have to deal with only 7 representatives of equivalence classes, see Section 4.
The second observation concerns Plücker-equivalent polynomials: we say that f 1 , f 2 ∈ K[p i jk : 1 ≤ i < j < k ≤ 6] are Plücker-equivalent if their difference belongs to the Plücker ideal. Note that if f 1 , f 2 are Plücker-equivalent then we have ν( f 1 ) = ν( f 2 ) on Gr (3, 6) , because by substituting all p i jk (G) ∈ K(t) for any G ∈ Gr(3, 6) into f 1 − f 2 we get 0. This proves the following
Lemma 3.7. Instead of considering a single binomial we may look at a whole class of Plücker-equivalent binomials (or even polynomials with more terms).

If for some G ∈ Gr(3, 6) one of them may cancel, i.e. values of both monomials are the same, we look for an equivalent one which cannot cancel at G. If we find such a binomial, we can read out its value only from values of Plücker coordinates, without passing to K(t).
The computations done so far (see Section 4) show that thanks to Lemma 3.7 we get significantly smaller L BC and therefore less lower-dimensional cones to process. For every binomial coefficient of G i one can find several other binomials equivalent to it up to Plücker relations. It happens very often that even if one binomial in a group of equivalent ones cancels there is one which does not.
Classification of moneric subspaces from TGr(3, 6) \ L BC
As explained in the previous section, the map π : TB → TGr(3, 6) is bijective outside the locus L BC ⊆ TGr (3, 6) given by possible cancellations of lowest order terms in some binomial expressions. The locus where π is not one-to-one induces subdivisions of the cones in TGr(3, 6) and the resulting fan structure can in turn can be refined further by choosing initial terms for each of the generators in F. This refined fan structure on TGr (3, 6) has the property that each maximal cone gives rise to a class of moneric subspaces, while the non-maximal cones contained in L BC require further investigation, see Remark 3.3.
This fan structure is combinatorially extremely large and carrying out the corresponding subdivisions of cones in TGr(3, 6) is computationally infeasible. However, the following observation helps: Often, when a cancellation in the lowest order terms of a binomial occurs, the leading monomial of the corresponding generator in F is independent of the exact value of the binomial because there is another term of lower value. Systematically exploiting this observation leads to a unique coarsening of the described fan structure. We were able to compute this coarsened fan structure and use it to classify all moneric subspaces G whose corresponding tropical point ν(G) For convenience, we number the expressions for the generators of the CoxNagata ring as F = { f 1 , . . . , f 27 } ⊆ R pl [x 1 , y 1 , . . . , x 6 , y 6 ]. For each i = 1, . . . , 27,  let c i1 , . . . , c im i ∈ R pl denote the coefficients of f i with respect to the variables x 1 , y 1 , . . . , x 6 , y 6 . Define Λ i as the lower convex hull of T (c i1 ) ∪ . . . ∪ T (c im i ) in R 21 and let Σ i be the subdivision of TGr (3, 6) induced from Λ i under the projection π : R 21 ։ R 20 . Consider the fan structure Σ on TGr(3, 6) arising as the common refinement of the subdivisions Σ 1 , . . . , Σ 27 .
Let C be any maximal cone of Σ. By construction, for i = 1, . . . , 27, the lower convex hull Λ i is linear over the relative interior of C, i.e.,
Relint(Λ
for a uniquely determined linear map θ i : C → R. Moreover, the explicit computation of Λ i (as described below) reveals that the relative interior of any maximal cone of Λ i intersects only one of the tropical graphs
is contained in T (c i j ) for exactly one j and does not intersect T (c ik ) for k = j. This shows that for all G ∈ Gr 0 (3, 6) tropicalizing to w ∈ Relint(C), the j-th coefficient c i j is the unique term of smallest value θ i (w) among all terms of f i . Defining θ C := (θ 1 , . . . , θ 27 ) : C → R 27 , we conclude that every G with ν(G) ∈ Relint(C) gives rise to a set R A that is moneric of weight θ C (w). The direct calculation of Σ is a computationally difficult task, as evidenced by its large f -vector. However, by exploiting symmetries at several stages and making use of parallel computations, we were able to carry out the computation with the computer algebra system SINGULAR [6] using its interface to GFAN [7] and its library for computing tropical varieties [8] .
We proceed as follows: We determine Σ by computing for every single maximal cone in TGr(3, 6) its subdivision in Σ. Up to S 6 -symmetry, TGr (3, 6) consists only of seven maximal cones [14] . These seven cones themselves are stabilized under a subgroup of S 6 of order 48, 24, 8, 8, 4, 3 and 2, respectively. In the following steps of the computation, we fix one of these seven maximal cones C and its symmetry group S(C) ⊆ S 6 .
Most of the coefficients c i j ∈ R pl in f 1 , . . . , f 27 are monomial expressions in the Plücker coordinates. For these c i j , the tropical graph T (c i j ) is simply the image of TGr (3, 6) From these descriptions of the lower convex hulls of T (c i j ) ∩ π −1 (C) for all c i j , we compute Λ i ∩ π −1 (C) for each i = 1, . . . , 27 and the induced subdivisions Σ i | C of C. Our next step is to compute the common refinement of Σ 1 | C , . . . , Σ 27 | C , which is combinatorially large, so we find it imperative to exploit symmetries and use parallelization in the computation, as described in the following algorithm. Here, each subdivision Σ i | C is understood as a set of maximal cones.
Input: The subdivisions Σ 1 | C , . . . , Σ 27 | C and the symmetry group S(C) Output: Σ| C , the common refinement of
Compute
:
With this common refinement algorithm, we were able to compute the maximal cones in the subdivision Σ i | C for each of the seven maximal cones C representing the S 6 -symmetry classes in TGr (3, 6) . After letting the symmetric group S 6 act on these results and computing the fan structure induced by the set of maximal cones, we obtain Σ and read off the f -vector claimed above.
During the computation, we remember at every stage for each maximal cone the choice of initial monomials it corresponds to. At the end, the computation reveals that the 870840 maximal cones only describe 32880 distinct moneric classes, and they fall into only 78 orbits under the S 6 -symmetry. More detailed statistics on the subdivisions for each of the seven symmetry classes of cones are presented in Figure 1 and an explicit description of the subdivision for one of the maximal cones in TGr (3, 6) is contained among the discussion in Section 5.
A complete classification of monericity in EEEE-cones
In the previous section, we computed all moneric classes arising from maximal cones of TB mapping injectively to TGr (3, 6) under π. On the other hand, maximal cones of TB not mapping full-dimensionally to TGr (3, 6) Figure 1 : Statistics on moneric classes arising from Σ rise to moneric subspaces. To classify also such moneric classes, a more refined approach is necessary. Here, we present partial results in this direction.
Recall that TGr(3, 6) consists of 1005 maximal cones which fall into seven orbits under the S 6 -action, see [14] . In the following, we focus our attention to one of these seven symmetry classes, called EEEE in [14] . Going beyond Theorem 4.1, we study all moneric subspaces arising from the relative interior of cones of this symmetry class, also classifying the behaviour along L BC . We suspect that a similar approach would be useful for treating all cones in TGr (3, 6) .
By [14] , a cone C representing the symmetry class EEEE is given by the image of the cone R 6 × R 4 ≥0 under the linear map ϕ : Its symmetry group S(C) ⊆ S 6 is the subgroup of S 6 of order 24 stabilizing (e 1 ∧ e 6 ) · (e 2 ∧ e 5 ) · (e 3 ∧ e 4 ) ∈ Sym 3 2 R 6 . In the following, let G ∈ Gr 0 (3, 6) be a moneric subspace such that its corresponding point in TGr (3, 6) 
>0 . First, we observe that the coefficients in F 16 are p 126 , p 136 , p 146 and p 156 , so their values are {a 1 + a 6 + a i | i = 2, 3, 4, 5}. Since in (F 16 ) is a monomial, this implies that there is a unique smallest number among {a 2 , a 3 , a 4 , a 5 }. In the same way, considering the coefficients of F 25 and F 34 reveals that both {a 1 , a 3 , a 4 , a 6 } and {a 1 , a 2 , a 5 , a 6 } have a unique smallest element. Up to S(C)-symmetry, we may assume that a 1 < a i for i = 2, . . . , 5 and that a 2 < a j for j = 3, 4, 5. The coefficients of F 14 have values a 1 + a 4 + {a 2 , a 3 , a 5 + b 2 , a 6 }, so a 2 = a 6 holds, as otherwise in(F 14 ) would not be a monomial. This leads to two cases to consider: a 6 < a 2 and a 2 < a 6 .
Case 1: a 1 < a 6 < a 2 < a i for all i = 3, 4, 5.
Considering the expression (1) for F i j , we observe that the four coefficients of F i j have values at least a i + a j + a k , where k ranges over {1, . . . , 6} \ {i, j}, with equality if and only if {i, j, k} = {1, 2, 3}, {1, 4, 5}, {2, 4, 6}, {3, 5, 6}. In particular, the above inequalities for a 1 , . . . , a 6 uniquely determine 
In the expression (2) for G i , the monomials are of the form
y j y k , where ( j, k) ranges over tuples with j = k or j = k = i. Examining the coefficient of such a monomial, we observe that it has value at least 2 ∑ ℓ =i a ℓ + a j + a k . From this, we see that in(G i ) = x 2 x 3 x 4 x 5 x i y 1 y 6 for i = 2, 3, 4, 5, as the corresponding coefficients exactly attain this bound, while the inequalities among a 1 , . . . , a 6 force the remaining coefficients of G i to have higher value.
For G 1 , we observe that the coefficient of y 2 1 x 2 x 3 x 4 x 5 x 6 is a binomial u − v in the Plücker coordinates, where ν(v) = ν(u) + b 3 . In particular, ν(u − v) = ν(u) = 2 ∑ i a i , which is smaller than the values of all other coefficients of G 1 . Hence, in(G 1 ) = x 2 x 3 x 4 x 5 x 6 y 2 1 . It remains to consider
where {u 1 , u 2 , u 3 , u 4 } are monomials in the Plücker coordinates of values
and the remaining terms of G 6 are each of higher value than at least one of them. Refining the conditions imposed by the four possibilities for in(F 23 ), in(F 45 ) leads to the following possible leading monomials for G 6 :
In the last case b 1 = b 2 < a 6 − a 1 , the binomial u 1 − u 2 can attain any value
In particular, the following three cases occur under the specified condition on λ 0 := ν(
Case 2: a 1 < a 2 < a i for all i = 3, 4, 5, 6.
We proceed as in the previous case, examining the restrictions on the leading terms of F imposed by the inequalities a 1 < a 2 < a 3 , a 4 , a 5 , a 6 . We always have Opposed to Case 1, one also observes that here no cancellation of lowest order terms in binomials can affect the initial term of any generator. In particular, the initials of the generators F only depend on a and b, leading to a distinction of 31 cases of moneric choices, visualized in Figure 2 . There, the choice of initial monomials from the sets X 1 , . . . , X 7 is specified by a 7-tuple (i 1 , . . . , i 7 ) indicating that the i j -th element of X j forms the leading monomial.
In total, Cases 1 and 2 combined, we obtain 39 sets of inequalities classifying all moneric subspaces inside C up to S(C)-symmetry. By considering their S 6 -orbits, we obtain: Figure 2: Classification of monerics for a 1 < a 2 < a 3 , a 4 , a 5 , a 6 .
